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Abstract— Under the common state space model for tracking
a maneuvering target, the tracker needs to adapt its state
transition model timely to match the target maneuver, which is
usually carried out by finding the best one from a bank of can-
didate Markov models or employing all of them simultaneously
but assigning different probabilities. Both methods suffer from
time delay for confirming the target maneuver. To avoid these
problems, we model the target motion by a continuous time
trajectory function and the tracking problem is formulated as
an optimization problem with the goal of finding the trajectory
function that best fits the observation over a sliding time
window. The trajectory function can be used for smoothing,
filtering and even prediction. The approach is particularly
applicable to a class of target motion patterns such as passenger
aircraft, where little prior statistical information is available
on the target dynamics or even the sensor observation except
the linguistic information that “the target moves in a smooth
trajectory” (as being called smoothly maneuvering target).
Simulation is provided to demonstrate the supremacy of our
approach with comparison to a number of classical Markov-
Bayes approaches, based on Hartikainen et al.’s example.

Index Terms— Trajectory estimation; filtering; smoothing;
maneuvering target tracking.

I. INTRODUCTION

Maneuvering target tracking (MTT) involves tracking a
moving target with the motion that changes character at dif-
ferent time instants, namely maneuvering. A straightforward
idea to describe the motion of the maneuvering target is
the so-called jump Markov system (JMS) that is based on
the combination of a family of target motion models that
characterize different maneuver models. Based on the JMS,
there are two primary classes of tracking methods: the single-
model (SM) method (also called decision-based method [4]
and the multiple-model (MM) method [2]. In the former,
the tracker (usually an adaptive filter) is operated based on
the model being selected by a model decision process, thus
the hybrid estimation problem is solved by combining state
estimation with explicit model decision [4]. In this regard,
the model decision which needs to be performed reliably and
timely [3] will dominate the state estimation. Therefore, the
major challenge is to detect the target maneuver. Once the
maneuver is not declared correctly or timely, the filter/tracker
will degrade significantly.
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There are also implicit formulations for combining the
maneuvering adaption and the state estimation. For example,
the random effect including maneuvers and random noises
can be modeled jointly by a white or colored noise process
[2]–[4] or a power law distributed/lévy noise [5]. This
renders converting the maneuvering target tracking problem
to that of state estimation in presence of non-stationary
process noise or driving forces with unknown statistics, for
which the particle filter apparently offers more flexibility [6]–
[9]. However, the unknown target acceleration that appears
during the maneuver as extensive process noise on the target
model can be too strong to be handled by the model.
Therefore, robust or adaptive models have been developed
such as Singer model [13], Jerk model [14], and current
statistical model (CSM) [15], [16].

In contrast, the MM method employs a bank of maneuver
models to describe the time-varying motion of the maneu-
vering target and runs a bank of elemental filters based on
these modes, each being associated with a weight/probability.
The final estimate is given by the weighted results of these
elemental filters. Among the many techniques to incorporate
the mode history, the interacting multiple models (IMM)
algorithm [1] and variable-structure IMM (VS-IMM) esti-
mators [2] have been the most popular choice; see also [10],
[11]. The number of modes in the former is kept fixed,
whereas in the latter it can be adaptively selected from a
broad set of modes. However, operating a large number of
models in parallel can be computationally expensive.

In summary, crucial concerns have been raised.

• Model decision/adaption delay is inevitable [12], which
behaves as the delay of maneuver detection in the SM
methods and as the time of probability convergence to
the true model in the MM methods.

• The actual motion model, e.g., when the target maneu-
vers with a time-varying turn rate in the continuous
space, can be different from any of the models assumed.

• Many MTT approaches may show superiority when
the target maneuvers but perform disappointingly when
there is actually no maneuver, namely over-reaction.

• One common drawback that most recursive state es-
timators have is that once an estimate bias is made,
whether due to erroneous modeling, disturbances or
over approximation, it can hardly be removed except
the estimator is re-initialized.
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To ease these problems, we propose a Markov-free ap-
proach for modeling the target motion based on continuous
trajectory function of time (FoT), which can auto-respond
to the target maneuver. Our idea stems from a class of
target motion patterns with smooth trajectories that can
be well approximated by a smooth FoT, as referred to as
smoothly maneuvering target, e.g., passenger aircraft/ships
and satellites. Although we do not have a rigorous definition
of the “smooth”, we take it as that even a maneuver may
occur, the target trajectory remains smooth (without any
significant and abrupt position/velocity change). This concept
is opposite to the definition of sharply maneuvering target
[17] where e.g., the target may abruptly and significantly
changes its movement direction.

Related works. The idea of employing data fitting for
trajectory learning/estimation have been appeared, most in
batch manners. In [18], Cardinal splines (i.e., splines with
equally spaced knots) of different dimensions are fit to
the directional bearing data. In [19], the trajectory is ap-
proximated by a cubic spline with an unknown number of
knots in 2D plane, and the function estimate is determined
from positional measurements. For the data drawn from an
exponential family, the spline knot con-figurations (number
and locations) are changed by reversible-jump Markov chain
Monte Carlo [20]. State of the art development has been seen
in the context of visual tracking [21], [22].

The parametric fitting is complicated by the need to define
a sequence of knots, which is troublesome. Comparably,
Gaussian process (GP) provides a non-parametric tool for
learning regression functions from data, having the advantage
of providing uncertainty estimates [24], [25] under linear
state process function. Furthermore, regression based on a
support vector regression model and a GP model respectively
was advocated to predict ballistic coefficients of high-speed
vehicles [23]. Of high relevance, the Gaussian smoothing
[26] allows for inferring the state at any time of interest using
the interpolation scheme that is inherent to GP regression.

Actually, regression has been noticed to help recursive
filters reject outliers [27], [28]. The recursive least squares
(LS) algorithm reformulated in state-space form was recog-
nized a special case of the Kalman filter [29]. De facto, the
(adaptive) LS estimation is a fundamental and prosperous
research theme by its own.

To summary, existing trajectory estimation approaches car-
ried out either in discrete-time (please refer to a short review
given in [27] or continuous-time domains, are primarily
based on modeling the target motion by a either deterministic
or stochastic Markov model, which forms the key difference
to our approach which is Markov-free.

Organization of this paper. Section II outlines the
motivation and key contributions of this paper. Section III
formulates the target motion by a continuous time trajectory
function, based on which Section IV discusses how to per-
form state inference. Section V provides simulation studies
to compare our approaches with conventional Markov-Bayes
estimators. Section VI presents our conclusions.

II. MOTIVATION AND KEY CONTRIBUTION

As a general problem formulation for target tracking, the
state space model (SSM) consisting of a state function gk(·)
and an observation function hk(·), can be given as

xk = gk(xk−1,uk) (1)

yk = hk(xk,vk) (2)

where k ∈ N indicates the time-instant, xk ∈ RDx de-
notes the Dx-dimensional state, yk ∈ RDy denotes the
Dy-dimensional observation, and uk ∈ RDx and vk ∈
RDydenote the process and observation noises, respectively.

The MTT is particularly regarding to a SSM with a time-
varying state function gk(·) where challenges arise.

A. Challenges to Markov-Bayes formulation

Two major concerns arise on both the Markov modeling
and Bayes posteriori computing, which motivate our work.

Challenge 1 Difficulties involved in statistical modeling
and full Bayes posteriori computing, leading to inevitable
model error and approximate computation, respectively.
Since both the entire state process (1) and the sensor noises
vk in (2) are inherently unknown and time-varying, they
can only be approximated in practice. Difficulties involved
in using the Markov model have been noted in several
aspects, e.g., the model must meet practical constraints [30],
[31] and match the sensor revisit frequency [34], [47]. In
particular, the noise uk or ut represents the uncertainty of
the state process, which has to be modeled with respect to the
potentially irregular revisit frequency of the sensor (including
missed detection, delayed or out of sequence measurements).
Some researchers even argued to remove the modeling of
it by assuming a deterministic state process [29], [35]–
[37], which turns out to be analogous to the Gauss-Newton
method [38] and moving horizon estimator [39]. However,
our recent results have shown that a poor (especially biased)
prior (no matter how it is caused) does not benefit the
posterior; instead, the filter may perform worse than the naive
observation-only inference [40], [41].

Even the statistical models, uncertainties and constraints
regarding the target (quantity and dynamics), sensor profiles
(e.g., missed detection, clutter) and background (e.g., various
noises) can all be well approximated, the full Bayesian
computation (or even the likelihood [32], [33]) that involves
integration over the infinite state space could be prohibitively
expensive, forcing the need for further approximation [47].
The crucial challenge to real time computation will be
escalated with the increasing revisit frequency and joint use
of modern sensors.

Challenge 2 “Strictness” of the Markov-Bayes iteration
that works on specific model assumptions using only specific
probabilistic information while omitting others. We are not
intended to challenge the efficiency of the Bayes update that
can work perfectly in the “precise” situation as assumed,
e.g., minimizing the mean square estimation error. However,
many “unexpected” issues can occur in reality such as
clutter, morbid, out of sequence data that are intractable and
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require auxiliary schemes. Moreover, it is unclear how to
principally use un-structural yet important information such
as a linguistic context that “the trajectory is closely a straight
line” or “the target moves on a railway”, although there is
an upsurge in interest in constrained tracking [30], [31]. This
type of information is very common and useful to targets like
passenger aircraft, trains and buses.

Some of these problems can be combated or even avoided
if system modeling is relaxed (and thereby few assumptions
are made). Based on this understanding, we propose a
Markov-free online filtering and offline smoothing frame-
work based on online sensor data fitting without applying
unrealistic assumptions on the target motion, the background
or even the sensor profiles.

B. Main Contribution of Our Work

As the key innovation of this paper, we use a continuous-
time function to replace (1) for describing the target motion

xt = f(t) (3)

where f(t) is a deterministic function of time t (FoT), which
represents the target trajectory in the state-time domain.

Considering that any trajectory can be represented by an
FoT to an arbitrary accuracy, formulation (3) is quite general.
Once we get an efficient estimate F (t) of the true trajectory
FoT f(t), the concerned time t defined in (3) can be any
instant in the effective fitting time window to be defined.
Combining the observation function (2) and the trajectory
FoT (3) leads to an optimization problem for minimizing
the data fitting error, as follows:

argmin
F (t)

k2∑
t=k1

‖ yt − ht(F (t), v̄t) ‖ (4)

where ‖ a− b ‖ is a measure of the discrepancy between a
and b, F (t) is the desired FoT for the sampling time-window
[k1, k2], which approximates the true FoT f(t) and v̄t is
an average to compensate the observation error and can be
specified as the noise mean E(vt). Since the estimate F (t)
needs to be updated at each scan k when a new observation
is made, we denote the FoT obtained at scan k as Fk(t).

To incorporate any model information available such as a
context-information that “the trajectory is close to a straight
line” or “the trajectory starts from a known position”, the
trajectory function can be denoted as F (t;Ck) with certain
parameters Ck reflecting the model information, which fully
determine the FoT. To this end, one may define a penalty
factor Ω(Ck) on the model fitting error as a measure of the
disagreement of the fitting function to the constraint a priori,
e.g., Ω(Ck) :=‖ F (t0;Ck)− x0 ‖ to measure the mismatch
between the fitting trajectory and the known real state x0 at
time t0. Then, the formula (4) is extended to

argmin
F (t;Ck)

k2∑
t=k1

‖ yt − ht(F (t;Ck), v̄t) ‖ +λΩ(Ck) (5)

where λ > 0 controls the trade-off between the data fitting
error and the model fitting error.

In this paper, we focus on the situation that no quantitative
statistical model information is available except the linguistic
information that the target trajectory is smooth over the time-
space. Therefore, we will not explicitly define a quantized
penalty function Ω(Ck), but instead directly assume the
trajectory as a structured FoT, such as a 3rd-order polynomial
to employ the prior smooth trajectory information.

III. FOT FORMULATION OF TARGET MOTION

In this paper, we limit our discussion to the state variables
that can be observed directly, e.g., the target position, rather
than all variables of interest such as position, velocity and
acceleration. We note that some unobserved variables of
interest may be inferred from the directly-observed variables
based on the laws of physics, e.g., the differentiation of the
position over time is the velocity and the differentiation of
the velocity is the acceleration.

A. Smooth Markov-transition Model

To describe the target motion in the x − y Cartesian
coordinates, the most common Markov transition/jump-linear
model can be described as follows:

xk = Akxk−1 + Uk (6)

where state xk comprises (part or all of) planar position
[px,k, py,k]T , velocity [ṗx,k, ṗy,k]T , acceleration [p̈x,k, p̈y,k]T

and even a coordinated turn rate ωk, Ak is the Markov
transition matrix that complies with the physical law on
position, velocity and acceleration, and Uk denotes the
uncertainty which comprises the potential control input and
process noises.

The control input responsible for a target maneuver is of-
ten unknown to the tracker and modeled as a random process
[42], [43]. This differs from the non-maneuver motion in
the noise level: the noise process used in the former has a
much higher intensity than the one used in the latter (with no
control input). Three popular and representative state transi-
tion models are referred to as the (nearly) constant velocity
(CV), constant turn-rate (CT) and constant acceleration (CA)
models. Although very restrictive, the process uncertainty is
typically assumed as a zero-mean Gaussian noise, namely
Uk ∼ N (0,Σk). In contrast, the deterministic system is
usually given by setting zero uncertainty Σk = 0. More
maneuver models are given in [42], [43].

B. Continuous Trajectory Function of Time

Instead of (1), we propose using the trajectory FoT (3) to
model the target motion. The trajectory FoT will actually
facilitate both offline smoothing and online tracking and
forecasting [44]. As addressed, our goal is to estimate F (t)
for approximating the trajectory function f(t) via fitting the
sensor data as shown in (4). To avoid the intractable high
dimensional fitting, we perform fitting with respect to each
position dimension, by assuming conditional independence
among the dimensions. This is computationally efficient
since neither integration nor differentiation in one dimension
will affect the others in the orthogonal Cartesian coordinates.
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Furthermore, as usual for convenience, the linear dependence
is assumed, i.e.,

F (t) = c1φ1(t) + c2φ2(t) + · · ·+ cmφm(t) (7)

where {φi(t)} are a priori selected sets of functions, for
example, monomials {ti−1} and C := {ci}, i = 1, 2, ,m are
parameters to be determined.

Hereafter, we denote the parameterized FoT Fk(t) in a
specified form F (t;Ck), where Ck denotes the parameter
set to be estimated. It is crucial to determine the order m
of the polynomial properly, which controls the number of
free parameters in the model and thereby governs the model
complexity. For the typical CV and CA models, we have the
following information

∂FCV(t;Ck))

∂t
= Constant,

∂2FCA(t;Ck))

∂2t
= Constant (8)

which says the sufficient function order for the target of CV
motion and VA motion are m = 2 and m = 3, respectively.

To balance between fitting complexity and fitting accuracy,
we advocate sliding time-window fitting (to be addressed
in Section IV.C), which is based on the fact that any
function can be divided into a number of consecutive time
intervals, each of which corresponds to one simple function
of relatively lower order. This not only reduces the order of
the fitting function, but also handles the target maneuvers
more effectively; see Section IV.B for further discussion.

C. Fitting Parameter Estimation and Optimization

To get the desired FoT F (t;Ck), the parameters Ck can be
determined by minimizing the fitting residual ‖ F (t;Ck) −
fk(t) ‖ for t = k1, · · · , k2. However, these residuals are
not explicitly available since the true trajectory FoT fk(t) is
unknown and is exactly what we want to infer. As such, we
turn to selecting the function that best fits the sensor data of
the time window [k1, k2], as addressed by (4).

Hereafter, we denote the parameterized fitting FoT Fk(t)
of a specified form as F (t;Ck), where Ck denotes the
parameter set to be estimated at the current time k. Then,
the fitting optimization problem is reduced to parameter
estimation, which can be written as follows:

argmin
Ck

k2∑
t=k1

‖ yt − ht(F (t;Ck), v̄t) ‖ (9)

where the sensor data yt may arrive at irregular time intervals
and suffer from missed detection and outlier/false alarms. As
the default, the upper limit of the online fitting interval is the
current time k, i.e., k2 = k.

The minimization can be achieved when the following
gradient equations are zero

∂
∑k2

t=k1
‖ yt − ht(F (t;Ck), v̄t) ‖

∂ci
= 0,∀i = 1, · · · ,m

(10)
In a linear system, (10) can be exactly solved for suf-

ficient data. However, in a nonlinear system, the deriva-
tives are functions of both the independent variable and

the parameters, which make these gradient equations do
not have a closed solution. Instead, one has to resort to
numerical approximation methods such as the trust-region-
reflective (TRR) algorithm [48], [49] and the Levenberg-
Marquardt algorithm (LMA) [50]. In particular, constraints
on parameters, e.g. the parameters are bounded, can be
easily specified in TRR [49]. These algorithms have been
implemented in mature software and compute fast, offering
great convenience for engineering use. However, we must
note that almost all fitting algorithms including TRR and
LMA work from an initial guess of the parameter for iterative
searching and do not guarantee finding the global minimum.
The trajectory functions obtained based on the data of time
window [k1, k2] and that of time window [k1 +1, k2 +1] are
close to each other since they share the common data within
[k1 +1, k2]. Therefore, we set the parameters Ck−1 obtained
at time k − 1 as the initial parameter setting at time k for
estimating Ck to speed up the optimization searching. The
result is a recursive algorithm as whenever new observations
are available, the parameters need to be updated based on
the previous estimate. In other words, there exists a hidden
parameter transition function to describe the evolution from
time k − 1 to k, i.e.,

Ck = Ψk(Ck−1) (11)

It is important to note that, the parameter transition pro-
cess that is observation series-dependent is not necessarily
Markov as the parameters at time k depends not only on that
at time k−1 but also that of earlier times, if the fitting interval
is longer than unity. In addition, fitting has the advantages of
incorporating arbitrary sensor revisit time and dealing with
missed detection.

IV. FOT BASED TRACKING

Given an FoT estimate F (t;Ck), the state at any time t
(that does not have to be an integer) in the effective fitting
time window (EFTW) [K1,K2] can be estimated as follows:

x̂t = F (t;Ck),∀t ∈ [K1,K2] (12)

where EFTW [K1,K2] at least covers the sampling time
window [k1, k2], namely K1 ≤ k1, k2 ≤ K2. More specif-
ically, the inference is referred to as extrapolation when
K1 ≤ t < k1 or k2 ≤ t ≤ K2 and as interpolation when
k1 ≤ t ≤ k2. For different choices of time t ∈ [K1,K2] with
regard to the right bound of the time window k2, we use two
different fitting terminologies as follows:

• Delayed fitting: t < k2, the state to infer is for an
earlier time. Particularly, we notice that fitting at the
middle of the time window, namely t = (k1 + k2)/2,
is comparably more accurate. This is also referred to
as fixed-lag smoothing as the estimation bears a fixed
time-delay of k2 − t.

• Online fitting: t = k2, the state to infer/filter is exactly
for the time when the latest sensor data arrive.
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A. Least Squares Fitting

To solve (9) and (10), the distance metric ‖ · ‖ needs to
be defined. A common choice is the un-weighted `2-norm of
the error, namely, the least squares fitting. Then, the formula
(9) can be more specifically written as

argmin
Ck

k2∑
t=k1

‖ yt − ht(F (t;Ck), v̄t) ‖2 (13)

The resulting F̂ (t;Ck) is known as the ordinary LS fitting
to the given data which assumes that the sensor data of
all time instants provide equally accurate information. In
contrast, one can assign weight wt to each time instant
to account for time-varying data uncertainty, e.g., being
inversely proportional to the covariance of yt, leading to

argmin
Ck

k2∑
t=k1

w̃t ‖ yt − ht(F (t;Ck), v̄t) ‖2 (14)

where w̃t = wt

(∑k2

t=k1
wt

)−1
is the normalized weight.

B. Piecewise Fitting

It is known that fitting over a long time window suf-
fers from instability and inaccuracy, especially when the
trajectory is subject to different models at different time
periods (e.g., a target with various maneuvers over time).
For this, piecewise fitting, also referred to as spline fitting or
segmented fitting, is a useful alternative. The idea of using
discrete splines to represent a probability density and the
concept of spline filtering were proposed earlier in [51] and
further developed in e.g., [18], [20].

At the core of piecewise fitting is to detect the model
change from the sensor data in time series, where the change
point is the desired boundary between segments. This is
formally known as “change detection”/“maneuver detection”
within the context of target tracking [2]–[4]. There are a
large body of change detection algorithms, for which the
reader is referred to e.g., surveys on non-parametric test
statistics [45] and software packages [46]. However, we want
to indicate that all change detection mechanisms, including
our own previous attempt [27], are problem-dependent. In
this paper, sliding time-window fitting (which is a special
type of piecewise fitting) is advocated. With particular regard
to the nature of many realistic targets such as passenger air-
craft/ships and satellites, where even a maneuver may occur,
the target trajectory remains smooth, at least in a sufficiently
short time window. This type of “smoothly maneuvering
targets” makes the maneuver detection unnecessary in our
fitting approach as the fitting can be carried out the same
whether there is maneuvering or not.

C. Sliding Time-window Fitting

With a sliding time-window fitting, the time-window
[k1, k2] is supposed to move forward with time k. By
default, k2 is the newest time, so the latest observation is
used. The advantage of time-window fitting is that at each
time instant, the complexity of the fitting function can be

controlled (of lower order), which will not be affected by
the data outside the time window. More importantly, the
fitting approach can be performed the same even when a
target maneuvers in the time window as long as the trajectory
remains smooth, e.g., maneuvers occur between (nearly) CV
and CT whose optimal fitting function orders are different
only by one as shown in (8). This will be demonstrated in our
simulations next. It is one of the appealing benefits obtained
by formulating the target motion as a FoT rather than by a
Markov transition model.

V. SIMULATION

For the generality and reproduction of the results, the sim-
ulation model is taken from the Matlab toolbox released by
Hartikainen, Solin, and Särkkä [52]. This excellent toolbox
features a large body of well-known filtering and smoothing
methods for discrete-time state space models, including the
Kalman filter (KF), extended KF (EKF) and unscented KF
(UKF) and their corresponding rauch-tung-striebel (RTS)
smoothers. In addition, IMM approaches, as well as its non-
linear extensions based on the mentioned filters and RTS
smoothers, have also been simulated.

Both TRR and LMA are readily available in the
LSQCURVEFIT and NLINFIT functions in the popular
Matlab programming platform. To use them for our purpose,
we only need to specify the form of the optimizing function
as defined in (3) according to the observation function, design
a rule for determining the length of the sliding window and
specify the initial fitting parameters. The resulted trajectory
FoT facilitates different types of estimation including online
fitting, and delayed fitting/smoothing as addressed, which
will be compared with the traditional smoother and filter,
respectively.

Our simulation is set the same as that given in in Section
4.2.2 of [52]. To simulate the deterministic target motion (as
shown in Fig.1, two stochastic systems (using small noises)
are assumed with sampling step size ∆ = 0.1s. The first
is given by a single linear WPV (Wiener process velocity)
model with insignificant process noise (zero-mean and power
spectral density 0.01), based on which the standard EKF,
UKF and their corresponding RTS smoothers (EKS and
UKS respectively) are realized. The other is given by a
combination of this WPV model with a nonlinear CT model
(no position and velocity noise and zero-mean turn rate noise
with covariance 0.15). In the latter, multi-model design and
nonlinear estimation approaches are required for which the
EKF/EKS based and UKF/UKS based IMM approaches are
employed for filtering/smoothing. The IMM uses a model
transition probability matrix as follows

ΦIMM =

[
0.9 0.1
0.1 0.9

]
(15)

with the prior model probabilities given by [0.9, 0.1]T .
The measurement is made on the noisy bearing of the ob-

ject, which is given by four sensors located at [sx,1, sy,1]T =
[−0.5, 3.5]T , [sx,2, sy,2]T = [−0.5,−3.5]T , [sx,3, sy,3]T =
[7,−3.5]T and [sx,4, sy,4]T = [7, 3.5]T , respectively. The
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noisy bearing observation of sensor i = 1, 2, 3, 4 is given
as

θk,i = arctan
(py,k − sy,i
px,k − sx,i

)
+ vk (16)

where vk ∼ N (0,Σv).
In our approach, a sliding time window of 10 sampling

steps (= 1s) and a polynomial fitting fucntion of order m = 2
were utilized. The fitting function is assumed as{

px,t = a1 + a2t
py,t = b1 + b2t

(17)

Given that the four sensors are of the same quality, the
joint optimization function is given as

argmin
a1,a2,b1,b2

k2∑
t=k1

4∑
i=1

(
θt,i−arctan

( b1 + b2t− sy,i
a1 + a2t− sx,i

))2

(18)

where k2 is the current time. The formula is optimized by the
LSQCURFIT least-squares curve fitting function provided
with the Optimization Toolbox of the Matlab software.

All traditional estimators are initialized favorably with
the true state x0 = [0, 0, 1, 0, 0]T and covariance
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Fig. 3. RMSE of different estimators when slightly incorrect prior
information is provided about the sensors’ uncertainty

diag([10.1, 10.1, 1.1, 1.1, 1]T ) and have the correct informa-
tion about the sensor noise statistics. We initialize position
estimates in our fitting approach at the first two sampling
instants as [0,0] and [1,0], respectively. Then, the real fitting
(for smoothing, and filtering, respectively) is performed from
the third sampling instant. This can be viewed as a hot-start
fitting as the information about the initial state x0 excluding
covariance is used. Very different from the existing MTT
solutions, the proposed sliding time window based fitting
needs no adaptive/multiple-model design for dealing with
the target maneuver. This, at the starting point, reveals the
robustness advantage of fitting.

First, we set Σv = 0.01. The simulation is performed with
100 Monte Carlo runs, each run consisting of 200 sampling
steps (lasting 20 seconds) using the same, deterministic
trajectory but independently generated observation series.
The performance for one run and the average performance of
different estimators over 200 sampling steps is given in Figs.
1 and 2 respectively. The RMSE over 200 sampling steps and
the average running time per run are given in Table I.

Regarding the estimation accuracy, the online fitting out-
performs both the EKF and UKF using a single MPV model
but slightly underperforms the EKF/UKF IMM. The delayed
fitting is equivalent to EKS and UKS, all inferior to the
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TABLE I
PERFORMANCE OF DIFFERENT ESTIMATORS WITH CORRECT

INFORMATION

Estimators Aver. RMSE Compt. Time (s)
EKF (using WPV) 0.3263 0.0288
EKS (using WPV) 0.1652 0.0494
UKF (using WPV) 0.3270 0.0900
UKS (using WPV) 0.1649 0.1108

EKF-IMM 0.2985 0.1749
EKF-IMM smoother 0.1302 1.2694

UKF-IMM 0.2728 0.9816
UKF-IMM smoother 0.1316 2.7550

Online Fitting 0.3029 0.0267
Delayed Fitting 0.1631 0.0446

TABLE II
PERFORMANCE OF DIFFERENT ESTIMATORS WITH INCORRECT SENSOR

NOISE KNOWLEDGE

Estimators Aver. RMSE Compt. Time (s)
EKF (using WPV) 0.2716 0.0404
EKS (using WPV) 0.1341 0.0587
UKF (using WPV) 0.2725 0.1557
UKS (using WPV) 0.1338 0.1736

EKF-IMM 0.2247 0.3078
EKF-IMM smoother 0.0883 1.2402

UKF-IMM 0.1965 0.9463
UKF-IMM smoother 0.0939 2.4897

Online Fitting 0.1599 0.0248
Delayed Fitting 0.0875 0.0430

EKF/UKF IMM smoothers. However, the computing speed
of our fitting approaches is the fastest whether for filtering
or smoothing. This is primarily because in our realization
here, the coefficient parameters obtained in the last fitting
process will be used as the initial parameters in the next
fitting process, namely formula (11) is used for parameter
optimization. This parameter initialization significantly re-
duces the optimization routine for solving (18) and can be
applied in real time in most situations.

Next, we change the simulation setup by reducing the real
noise for all bearing sensor observation to Σv = 0.0025
in (16) without informing any estimators. All filters and
smoothers and the unbiased O2 inference still use the same
information of Σv = 0.01. The biased O2 inference and our
fitting approaches that do not use this information will not be
affected. This situation corresponds to the realistic case that
the user does not have correct statistical information about
the sensors’ noise. In this case, the average performance
over 100 runs for different estimators are given in Fig. 3,
respectively. The RMSE and the average computing time per
run are given in Table II. The results show that our fitting ap-
proaches benefit the most from the increased sensor accuracy.
On the estimation RMSE, the online fitting outperforms the
EKF/UKF and the EKF/UKF-IMM approaches. The delayed
fitting achieves the best performance on average, especially
at the time periods when target maneuver occurs, such as
t = 6 − 8s and t = 13 − 15s, although the fitting method
does nothing extra to handle target maneuver explicitly. On

the computing speed, our fitting approaches yield the fastest
solution overall. The second simulation setup, in which
completely correct sensor noise information is unavailable,
conforms more to reality than the first simulation setup where
the a prior model information, which is complete and correct,
is simply too ideal.

We iterate that, our fitting approaches work under the harsh
condition that (i) they need neither the prior information
about the target motion models nor the sensor observation
noise statistics, but (ii) they provide powerful continuous-
time estimates (yet we only compare the estimation at dis-
crete time instants); the continuous-time trajectory function
actually renders joint treatment of smoothing, filtering and
forecasting [44]. More importantly, (iii) by FoT fitting, we
do not have to worry about the target maneuver as long
as no sharp maneuver occur. This is significantly different
from existing maneuvering target tracking approaches that
rely heavily on careful adaptive/multiple model design.

VI. CONCLUSION

A novel framework is presented for tracking a smoothly
maneuvering target based on online estimation of its
continuous-time trajectory. Without any unrealistic target
motion model assumptions or ad-hoc adapting mechanisms
to handle target maneuver, the framework provides a flexi-
ble solution to using linguistic/fuzzy information about the
smoothness of the target trajectory. Such information is
common in a broad class of realistic estimation problems
of significance, but is often overlooked in existing Markov-
based solutions. The proposed methods perform comparably
to classic suboptimal algorithms including IMM that exploit
complete and correct prior model information and can even
outperform them in case of imperfect prior information or
initialization. However, in this paper we have not considered
sharply maneuvering targets for which change points need to
be identified for effective fitting. Instead, we advocate sliding
time window-based fitting to handle complex trajectories.

Fundamentally different from the recursive Markov-based
estimator that needs to assume independence among time
series states, fitting eases such assumptions and does not
require the data to be uniformly observed over time or to be
chronological. Therefore, neither missed detection/delayed
data, nor irregular sensor data updating will affect the fitting
so much as it does with a Markov-Bayes estimator. In fact,
both missed detection and delayed observation can be viewed
as a special case of the problem of sensor data available
at irregular time intervals. Our future work will investigate
the more general (multiple) maneuvering target tracking in
cluttered environment with imperfect sensors.
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ear continuous-time trajectory estimation as exactly sparse Gaussian
process regression,” Auton. Robot, vol.39, pp.221-238, 2015.

[25] C. H. Tong, P. Furgale, and T. D. Barfoot, “Gaussian process gauss-
newton for non-parametric simultaneous localization and mapping,”
Int. J. Robot. Res., vol.32, no.5, pp.507-525, 2013.
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