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Abstract— Some concerns are raised on the prevailing gen-
eralized covariance intersection (GCI) based Gaussian mixture
probability hypothesis density (GM-PHD) fusion for distributed
multiple target tracking under cluttered environments, which is
both communicative and computation expensive, and generates
a large amount of Gaussian components (GCs) of little physical
significance. The problems become more serious when targets
are closely distributed and/or when clutter is heavy. To avoid
these problems and to save communication and computation,
we advocate to only share the sufficiently strong-weighted
GCs between neighboring sensors. The shared significant GCs
are simply merged based on their spatial proximity, which
resembles a type of multisensor signal superposition and will
enhance the signal-noise-ratio (SNR) since strong GCs are more
likely to be a“target signal” than a weak one, thereby facilitat-
ing less likely false alarms and a more accurate estimation.
In parallel to the conservative GC sharing and merging, a
standard averaging consensus is also sought on the cardinality
distribution (a.k.a. the probability distribution of the target
number) among sensors. Simulations have been provided to
demonstrate the superiority and reliability of our approach
with comparison to the benchmark GCI approach.

Index Terms— Distributed tracking; averaging consensus;
covariance intersection; PHD filter; Gaussian mixture.

I. INTRODUCTION

The rapid development of wireless sensor networks in
the past decade is in large part responsible for the recent
upsurge in interest in distributed tracking, where sensors
with limited sensing, communication and calculation capa-
bilities can only communicate with its radio-interconnected
neighbors, namely peer-to-peer (P2P) communication. Com-
pared to centralized tracking based on a fusion center, the
process of distributed tracking offers several advantages,
including large scale scalability, higher immunity to network
failure, and dynamic adaptability to changes in the network
topology. However, due to restrictions imposed on both
the communication and computation capabilities of physical
sensors, two critical issues challenge the successful operation
of sensor networking: what information to share between
neighbors; and how to fuse the shared information -i.e., for
maximal benefit while meeting the real time communication
and filtering requirements? On the former issue of what

This work is in part supported and funded by Marie Skłodowska-Curie
Individual Fellowship (Grant number 709267) under the European Union’s
Framework Programme for Research and Innovation Horizon 2020.

information to share, it is of paramount importance to limit
the communication load to meet sensors’ affordability (here
we do not consider the case that each node has super
communication affordability for which “greedy” information
sharing protocols such as flooding [1] are preferable), as well
as to also limit the number of communication iterations to
avoid causing any delay to local filters. On the latter issue of
how to fuse the information, both clutter and miss-detection
will severely exacerbate the challenges.

The probability hypothesis density (PHD) that is the
first moment of the multi-target posterior (MTP), has been
developed as a powerful alternative to the full posterior for
time series recursion [2]–[4]. The PHD filter is demonstrably
capable of handling an unknown, time-varying, number of
targets and dense clutter. The key algorithmic challenge for
distributed PHD consensus is that the standard averaging
consensus does not apply to multi-target densities; because of
this, information-theoretic average for multi-target densities
is required. To this end, a theoretically sound solution is
generalized covariance intersection (GCI, a.k.a. Chernoff fu-
sion) [7], [11], [21], which has recently been realized in [27]
[28]–[32] for fusing general probability density functions
(PDFs). The GCI, as indicated by the terminology, is a
generalization of covariance intersection (CI), which was
firstly proposed [6] for Gaussian PDFs and then extended
to Gaussian mixture (GM) [8], [9], non-Gaussian PDFs [10],
[23] and the cutting-edge random finite set (RFS) framework
[5], [11], [21]. Given the sum of fuse weights equal to unity,
the GCI provides the weighted Kullback-Leibler average
(KLA) of original sources.

As an important part of this paper, a critical discussion will
be given on the existing GCI implementation for distributed
PHD fusion in this paper. However it is not our intention to
revise or improve the GCI approach. Instead we propose a
much simpler but better fusion protocol in which, only the
significant, Gaussian, components of local PHDs, which are
more likely a target signal rather than false alarms, are shared
among neighbors and fused in a straight merging fashion
while the remaining weak components that are suspected
false alarms will not be involved in either the P2P com-
munication or the consensus fusion. Fundamentally different
from existing approaches, no complete consensus is sought
on the entire PHD. Instead, we are only interested in partial
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consensus on the target-likely part and the PHD cardinality
and our goal for networking is to enhance the signal-
noise-ratio (SNR) at local sensors for better estimation. An
extended version of this paper with another novel fusion
protocol may appear [34].

The reminder of this paper is organized as follows. Key
notations are listed below. The concepts of GM-PHD and
optimal distributed fusion are reviewed in Section II, in
which GCI is analyzed. The proposed distributed GM-PHD
fusion protocol is presented in Section III. Simulations are
given in Section IV for comparing our approaches with the
GCI. We conclude in Section V.

A. Notation

The network topology is represented by a directed graph
G = (V, E) with the set of sensors V = {1, 2, · · · , N} and
the set of edges E ⊆ V ×V . In the directed graph, any edge
is denoted by an ordered pair of sensors (i, j) ∈ E , which
means node j is directly reachable from node i, where i is
called the in-neighbor of j while j is the out-neighbor of i.
For any j ∈ V , denote Nj := {i ∈ V|(i, j) ∈ E , i 6= j},
which is the set of all the in-neighbors of node j excluding
node j itself.

The collections of target states and observations at time k
can be represented as finite sets Xk = {xk,1, · · · ,xk,Tk

} and
Zk = {zk,1, · · · , zk,Mk

}, where Tk and Mk are the number
of targets and the number of observations respectively. The
cardinality (number of elements) of a finite set I is denoted
by |I|. Therefore, we have Tk = |Xk| and Mk = |Zk|.

A Gaussian PDF of a random variable x with mean m and
covariance P is denoted by N (x;m,P) and the generalized
Kronecker delta function is denoted as δy(x), which equals
to one if x = y and to zero otherwise.

II. BACKGROUND AND PROBLEM STATEMENT

A. GM-PHD

For a given RFS Ξ with the multi-target probability density
function fΞ(X), the PHD DΞ(x) is given as:

DΞ(x) =

∫
δX(x)fΞ(x)dX (1)

where δX(x) :=
∑
w∈X δw(x) which is used to convert the

finite set X = (x1,x2, · · · ) into vectors since the first order
statistical moment is defined in the vector space.

Instead of propagating the full multi-target density which
has been considered computationally intractable, the PHD
filter [2]–[4] [12] propagates its first order moment in the
format of prediction-updating recursions as follows:

→ Dk−1|k−1(x)→ Dk|k−1(x)→ Dk|k(x)→ (2)

The PHD filter asymptotically behaves as a mixture of
Gaussian components (GCs), whose number is the true
number of targets, and whose peaks collapse in the neigh-
borhood of the classical maximum likelihood estimates with
a spread ruled by the Fisher information [13]. Therefore,
it is theoretically justified and also practically convenient to

represent the PHD by GM. Hereafter, the GM approximation
of the PHD can be written as follows

Dk|k(x) =

Jk∑
i=1

w
(i)
k N (x;m

(i)
k ,P

(i)
k ) (3)

where, Jk is the number of Gaussian-components in total,
and w(i)

k is the weight of ith Gaussian component.
The PHD is uniquely defined by the property that its

integral in any region gives the expected number of targets in
that region. Therefore, the expected total number of targets,
or to say the expectation of the cardinality of the multi-target
RFS, can be given by the weight sum Wk of all GCs as

Wk :=

Jk∑
i=1

w
(i)
k (4)

In addition to the PHD, the cardinality distribution (a.k.a.
the probability distribution of the target number) can also
be inferred recursively for more reliable and accurate es-
timation, e.g., the cardinalized PHD (CPHD) filter [4],
[17] or the regional variance computation [14]. However,
it is computationally more costly (cubic in the number of
measurements as compared to the liner complexity in the
number of measurements of the PHD filter) and is beyond
the interest of this paper. Instead, we will apply an average
consensus [35] [36] to improve the cardinality estimation
with the proposed conservative GM fusion.

The local sensor in our proposed protocol will perform
GM prediction and updating in the same way as a standard
centralized implementation, details for which can be found,
for example, in [3]. The only difference is that the local GM
will be shared between neighbors and the received GCs will
be fused locally. In the following, we will use subscripts a
and b ∈ Na to distinguish between two neighboring sensors
in the distributed formulation where each sensor operates one
PHD filter. Since all operations occur in the same filtering
iteration k, we drop the subscript k.

B. Optimal Distributed Fusion

Given two neighbor sensors a and b, having a posterior
f(X|Za) and f(X|Zb) respectively, where Za and Zb are the
measurement RFS available at sensor a and b respectively,
their posterior GCI fusion is given as follows,

f(X|Za, Zb) = f
(
X|Za ∪ Zb

)
(5)

The optimal solution to this problem that needs to account
for the correlation between two sensors, is given conceptually
as follows [19]:

f(X|Za, Zb) = C−1 f(X|Za)f(X|Zb)
f
(
X|Za

⋂
Zb
) (6)

where C is a normalization constant and the denominator
is used to divide out the common information between the
sensors, such as common information that arises after they
have begun to communicate with each other.

With distributed fusion in particular, the common infor-
mation can travel in loops, namely rumor propagation or
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double counting, which will significantly contribute to cor-
relation between sensors. The resulting correlation depends
on several aspects including the network topology, the P2P
fusion protocol, and the number of communicating iterations
that has been performed, which is cumbersome to identify,
except when using a tree connected topology where a single
path exists between any pair of sensors [20]. We must resort
to suboptimal or pseudo-optimal fusion for more general
networks, such as the CI and GCI to be presented next.

C. Insights of GCI Fusion for Consensus

To fuse the posteriors fi = f(X|Zi) from multiple
sensors, distinguished by the subscript i for each sensor,
the GCI/Chernoff fusion, as an alternative to the optimal
distributed fusion (6), can be written as

fGCI

(
X
∣∣⋃
i

Zi

)
= C−1

∏
i

fωi
i (7)

where the fusing weights ωi ≥ 0,
∑
i ωi = 1 and

⋃
i Zi is

the union of observation from all of those sensors.
The GCI fusion (7) gives the distribution that minimizes

the weighted sum of its KLD with respect to local posterior
PDFs, called the weighted KLA [28]–[30], also referred to
as the geometric mean or the exponential mixture [26], [27]
[23], which is defined as follows:

fGCI = arginf
f

∑
i

ωidKL(f ||fi) (8)

where dKL(fa||fb) :=
∫
fa(X) fa(X)

fb(X)dX is the set-
theoretical KLD of the intensities fa from fb in which the
set integral is defined as follows∫

f(X)dX = f(∅)+
∞∑
n=1

1

n!
f(x1, · · · ,xn)dx1 · · · dxn (9)

The consistency and conservativeness properties of Cher-
noff fusion are investigated in [23]. Explicit formulae are
derived for Chernoff fusion of Bernoulli, Poisson, and inde-
pendent cluster process multitarget densities in [5]. However,
two challenges arise regarding the process of determining
the fusion weight and carrying out the fractional order
exponential power calculation. First, as addressed, it is
intractable to quantify the time-varying correlation between
sensors online and thus determine the fusion weight, which
depends on many factors such as common noises, previous
communication and the network topology, etc. [22] Despite
the efforts devoted to distinguishing dependent and indepen-
dent information among sensors under stringent assumptions
[18], [20], existing choices for choosing the fusion weights
include minimizing the trace or determinant of the mean-
square error (MSE) matrix [8] [24], minimizing the Bayesian
error/Chernoff information or Shannon entropy [7], and
maximizing the peakiness of the distribution [11] as follows:

(ω,X) = argsup
(ω,X)

∏
i

fωi
i (10)

These optimization could be computationally troublesome.
Another solution, considered the most prevalent for RFS

filtering, is to calculate the distribution that is equidistant
(in a distance sense of Renyi Divergence or KLD [25] [26],
[27]) to all sources. However, these online calculations for
determining the fuse weights on the positive side take into
account the real time posteriors of local sensors, but are
usually computationally intensive as the posteriors can be
very complicated. In contrast to these online approaches, it
is much easier to determine the fusion weights in advance
regardless of the time-varying correlation between sensors.
Interestingly, it was shown in [26] that fixed, uniform, fusion
weights can lead to better performance, comparable to online
optimization.

The prevailing constant fuse weights, applied in [28]–[32],
are given by the so-called Metropolis weights [35], [36],
which determine the fusion weights for two sensors a and
b ∈ Na as follows

ωb→a =

{ 1
1+max (|Na|,|Nb|) , if b 6= a

1−
∑
l∈Na

ωl→a, if b = a
(11)

Remark 1. Metropolis weights were originally proven for
faster consensus convergence and depends fully on the net-
work topology. It has not been justified how the Metropolis
weights account for any particular correlation or dependence
between sensors (which is actually time-varying due to the
real time communication). In other words, an information
theoretic justification for the connection between CI/GCI and
Metropolis weights is actually missing.

Second, the local posterior is approximated by a set of un-
normalized sub-PDFs such as GM or multi-Bernoulli (MB),
for which the fractional order exponential power of a sum
is computationally intractable. More importantly, the expo-
nentiation of a GM/MB does not provide a GM/MB, which
destructs the required conjugacy [39] for Bayesian recursion.
That is, even if the local posteriors are all conjugate with
respect to their own likelihood functions, their GCI fusion
will result in non-conjugate posteriors. A simple solution
to this problem suggested by Battistell [28] is given by the
following approximation:(∑

i

fi
)ω

=
∑
i

fωi (12)

Remark 2. Eq. (12) omits the cross-products of different
items fi which only hold for the case where they are well
distant. This however is incompatible to the scenario con-
sisting of close distributed items because of close-distributed
targets. To ensure that this condition is respected, close items
should be merged or simply removed, which is problematic
when multiple targets are closely distributed and will almost
certainly lead to significant estimation error. Also, the merg-
ing will definitely make the algorithm sensitive to the fusion
order of the sensors. In other words, (12) is necessary for
practical computation but conflicts with the nature of close
targets. This fundamental conflict is arguably a deadlock,
which can render the GCI inefficient or even cause it to fail
in certain cases, as our simulation will demonstrate.

Newton’s Binomial theorem and Monte Carlo methods
are used in calculating the fused density in the Chernoff

810



Fusion [37], exposing that both are computationally costly
and the former can sometimes diverge. More recently, a novel
calculation method based on sigma point approximation is
proposed in [38] which formulates the problem as a weighted
nonnegative least squares optimization problem. However, it
was observed by the authors that the sigma-point Chernoff
fusion suffers from a delay in estimating the correct number
of targets in the transient when new targets appear in the
scenario. The delay gets larger as the number of targets in
the environment increases.

D. Battistell’s GM-GCI implementation

For a GM posterior, the approximation (12) states that[
n∑
i=1

wiN (x;mi,Pi)

]ω
=

n∑
i=1

[wiN (x;mi,Pi)]
ω (13)

where the covariance inflation of CI, for a weighted Gaussian
pdf is equivalent to raising the Gaussian function to a power,
which remains Gaussian, namely

[wN (x;m,P)]
ω

= wωε(ω,P)N (x;m,
P

ω
) (14)

where ε(ω,P) =
√

det(2πPω−1)
[det(2πP)]ω

In addition, the product of two Gaussian components
remains a Gaussian component, more precisely

waN (x;ma,Pa)wbN (x;mb,Pb) = wabN (x;mab,Pab)
(15)

where Pab = (P−1
a + P−1

b )−1,mab = Pab(maP
−1
a +

mbP
−1
b ), wab = wawbN (ma−mb; 0,Pa+Pb) in which the

coefficient N (ma−mb; 0,Pa+Pb) measures the separation
of the two components.

To summarize the above calculations, the GCI-
fusion of two GMs denoted as fl(X|Zl) =∑Jl
j=1 w

(j)
l N (x;m

(j)
l ,P

(j)
l ), l = a, b yields approximately

a novel GM as follows

fω(X|Za, Zb) =

∑Ja
i=1

∑Jb
j=1 w

(i,j)
ab N (x;m

(i,j)
ab ,P

(i,j)
ab )∫ ∑Ja

i=1

∑Jb
j=1 w

(i,j)
ab N (x;m

(i,j)
ab ,P

(i,j)
ab )dx

(16)
where

P
(i,j)
ab = [ωP−1

a + (1− ω)P−1
b ]−1 (17)

m
(i,j)
ab = P

(i,j)
ab [ωP−1

a m(i)
a + (1− ω)P−1

b m
(j)
b ] (18)

w
(i,j)
ab = (w(i)

a )ω(w
(j)
b )1−ωε(ω,P(i)

a )ε(1− ω,P(j)
b )

· N (w(i)
a − w

(j)
b ; 0,P(i)

a ω−1 + P
(j)
b (1− ω)

−1
) (19)

Remark 3. As shown in (16), the GM-GCI fusion requires
fusing all pairs of GCs between neighboring sensors, which
will result in a multiplying number of GCs. To reduce the
resulting GM size, the GC pairs with negligible coefficient
should be omitted as noted in [28]. This however is only
known after the P2P communication. That is to say, although
not all components will be really fused, they must first transit
over neighbors before it is determined whether they will be
fused. To avoid this, we suggest a threshold wc to limit the

number of GCs for transition such that only the GC with a
weight larger than wc will be transited to neighbors and then
be considered for fusion.

Remark 4. The GCI fusion is carried out on PDFs.
For this, the local GM-PHD, whose cardinality gives the
estimated number of targets, needs to be normalized to a PDF
in order to facilitate the GCI fusion. After the GCI fusion,
the weights of the resulting GCs should be scaled back such
that the cardinalities give the distributed estimated number
of targets. To this end, an extra consensus scheme may
be performed on the cardinality estimates gained by local
sensors. This is done by the GCI fusion on the cardinality
distribution in [28]–[32]. However, we do not investigate
their effects in this paper; instead, we apply the standard
average consensus [35], [36] on the posterior cardinality
estimates, jointly with the proposed T-GM consensus. This is
feasible because in the PHD filter, the cardinality estimation
given by the GM weight mass (4) is a scale-valued parameter,
which exactly suits the standard average consensus.

E. Concerns on CI/GCI-PHD fusion

From an engineering viewpoint, we have two further
concerns on the GCI-based GM-PHD fusion.

1) The PHD contains information not only about the
target, but also about clutter; in fact, statistics of clutter
can be estimated [15] [16] [17]. Clutter is simply
little correlated across sensors (except target-correlated
clutter), not to mention being identically distributed.
This simply indicates that the clutter information of the
PHDs obtained at different sensors are not same-source
oriented like targets do, and so it is short of physical
significance to reach consensus, or any average, on
them and the entire PHD. To say the least, the clutter,
if identified, holds no benefit for neighboring filters
and shall be maximally removed from the fusion.

2) GCI needs to communicate the whole PHD between
sensors that consists of all the GCs, which will pose
a massive and even practically unaffordable communi-
cation cost. Many fused GCs are the result of little
correlated components, which are of little physical
significance and will actually smear the posterior,
although most of them will have very low weights and
be removed by gating or merging. The computation
is tremendous and is hardly affordable in real time
application; probably because of this, existing GCI
studies as shown in [28]–[32] [38] are demonstrated
only on small WSNs or single target. Clearly, it is of
high interest to develop a practically efficient fusion
protocol at the price of minimum network communi-
cation and extra local calculation.

Given the above considerations, we advocate abandoning
the impulse to seek compete GCI-PHD fusion, which transits
and fuses the cluttered PHD as a whole and is costly in
both communication and computation. Instead, we propose
an alternative that takes a more conservative stance for both
information communication and fusion as follows, and to be
addressed in detail in the next section:
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• P.1 Information sharing. Consensus should only be
sought on the information of targets. To get this maxi-
mally respected, only the GC of significance (those that
are highly likely to corresponding to the “target”) should
be shared, while the insignificant GC (those that are
more like false alarms) should be the least involved.

• P.2 Information fusion. Only highly relevant informa-
tion, namely that which corresponds to the same target
as at least very likely, should be fused.

III. PROPOSED PROTOCOL

As the key content of our distributed GM-PHD fusion
protocol, this section will focus on addressing the following
three issues which form the key innovation of our protocol:
• Step.1 Information identification. Which GCs to share?
• Step.2 Information communication. How to share the

GCs selected in Step 1 in neighborhood?
• Step.3 Information fusion. How to integrate/fuse the

GCs shared in Step 2 into the local PHD of each sensor?

A. Identifying Target-Likely GCs

First of all, GM merging and pruning should be carried
out at local sensors before networking, in order to reduce
the communication. A general principle that is commonly
applied to do so is to minimize a cost function involving
the original mixture and the corresponding reduced mixtures
[43]–[47]. Much easier implementations are based on thresh-
olds, for which the reader is referred to e.g. [3], [42].

To identify the GCs to share, we propose two alternative
rules to determine highly weighted GCs, referred to as rank
rule and threshold rule respectively, as follows.
• P.1.1 Rank rule. Specify the number of GCs to transit as

equal to the intermediately estimated number of targets
at each sensor using the closest integer to Wk given by
(4) or more straightforwardly specify a fixed number
of GCs to share, especially when a priori information
(e.g., maximum) about the number of targets is known.
Then, only the corresponding number of GCs with the
largest weights are transited to the neighbors.

• P.1.2 Threshold rule. Specify a weight threshold ws,
and then only the component that is weighted larger
than that threshold will be transited.

It is also possible to use a hybrid, more conservative,
criterion such that only the GCs that satisfy both rules are
selected. In any case, the selected components, denoting
their number at sensor a as na, give the MAP (maximum a
posterior) estimates for the local posterior [3], [13]. They can
be written as a separate GM, hereafter called Target-likely
GM (T-GM) marked with subscript T

Da,T (x) :=

na∑
i=1

w(i)
a N (x;m(i)

a ,P(i)
a ) (20)

of which the total weight (≤Wa) is given as

Wa,T :=

na∑
i=1

w(i)
a (21)

Similarly, the remaining GM is called FA-spurious GM
(FA-GM), which will remain at the local sensor, being
free of any communication. To note, we do not simply
interpret the weight of each GC as its real likelihood of
corresponding to a target, but only as a reference how much
it is worth for communication and fusion, given a restricted
total communication allowance.

B. Brute-Force GM Merging

Based on the superposition principle, our proposed so-
lution for T-GM fusion is given by simply integrating the
newly received and the owned T-GMs into one set and
merging the close GCs at each P2P communication iteration
for consistent estimation. For this, the common threshold-
based GM merging schemes as used in the centralized GM
filter, e.g., the pseudo-code given in [3], are applicable. We
do not have a specific algorithm design in this step and so
would omit the detail to save space. But we note that, a
larger merging threshold/gate indicates that more GCs will
be merged, leading to a smaller fused GM size but larger
merging errors. Therefore, striking a balance between the
resulting GM size and merging error is key.

The T-GCs whether merged or not will form the T-GCs to
consider at the next communication iteration, which do not
need to be re-identified at each communication iteration.

C. Metropolis Weights based Cardinality Consensus

Since GM merging has been carried out locally before
communication, further merging (using the same or smaller
merging threshold) when receiving new T-GM from neigh-
boring sensors will likely not reduce but increase the final
GM size (as compared to that before any communication),
because there might be new GCs received from neighbors
which will not be merged with any local GCs. In addition,
the T-GM combination and merging will also raise the weight
mass at sensor a to

W̃a(t) = Wa(t− 1) +
∑
j∈Na

Wj,T (t− 1) (22)

where t ∈ {1, 2, ...} denotes the communication iteration,
Wa(t−1) and Wj,T (t−1) are the whole GM and the T-GM
at local sensor a after t−1 iterations of P2P communication,
respectively.

Therefore, we have to re-scale the weights of all GCs
w

(i)
a , i = 1, 2, · · · , Ja(t) at each iteration t to maintain a

consistent cardinality estimation over the network, where
Ja(t) is the resulting GM size at communication iteration
t and we have W̃a(t) =

∑Ja(t)
i=1 w

(i)
a . To this end, the

cardinalities estimated at local sensors can also be shared
in neighborhood along with the T-GCs for consensus. In our
approaches, the Metropolis weights based cardinality average
consensus [35], [36] is applied to update the local posterior
cardinality parameter as follows:

Wa(t) =
∑

l∈{a,Na}

ωl→aWl(t− 1) (23)
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which will be used for coordinating the weights of all GCs
at each communication iteration t, i.e.,

w(i)
a ←

Wa(t)

W̃a(t)
w(i)
a ,∀i = 1, 2, · · · , Ja(t) (24)

By merging strong GCs that more likely correspond to
a target signal than weak ones, the target-likely signal will
be enhanced in the PHD; comparably, the weak FA-spurious
signal will be further reduced in the re-weighting (24) or even
ultimately removed by pruning. This will yield a higher SNR
at local sensors, facilitating less likely false alarms and more
accurate estimation. We refer to this consensus protocol as
conservative GM merging (CGMM). We note that, the reason
to apply Metropolis weights is the same as that given in the
original work [35], [36] for speeding up convergence rather
than due to any dependence between sensors or information
double accounting as claimed in the GCI.

D. Extensions

The proposed distributed framework for conservative GM-
PHD fusion is extendable to multi-Bernoulli filters [32], [33]
(for which more efficient mixture reduction algorithms are
required for GM-MB components) and nonlinear GM-PHD
filters including the EKF/UKF-GM-PHD filter [3] and the
GM-SMC-PHD filter [41].

IV. SIMULATION

The simulation is set up in a scenario over the planar
region [−1000, 1000]m × [−1000, 1000]m monitored by a
randomly generated sensor network (with diameter 5) as
shown in Fig.1 in which the trajectories of the targets
are also given with the starting and ending times. The
targets are simulated as follows: new targets appear ac-
cording to a Poisson point process with intensity function
γk(x) =

∑4
i=1 riN (.;mi,Qr), where m1 = [0, 0, 0, 0]T ,

m2 = [−500, 0,−500, 0]T ,m3 = [0, 0, 500, 0]T , m4 =
[500, 0,−500, 0]T , Qr = diag([400, 100, 400, 100]T ). In ad-
dition, the spawn intensity function of target x that spawns
from u is given as bk(x|u) = 0.05N (.;u,Qb), where Qb =
diag([100, 400, 100, 400]T ). Each target has a time-constant
survival probability pS(xk) = 0.99 and the survival target
follows a nearly constant velocity motion as given

xk =


1 ∆ 0 0
0 1 0 0
0 0 1 ∆
0 0 0 1

xk−1 +


∆2/2 0

∆ 0
0 ∆2/2
0 ∆

uk

(25)
where xk = [px,k, ṗx,k, py,k, ṗy,k]T , [px,k, py,k]T gives the
position and [ṗx,k, ṗy,k]T the velocity, the sampling interval
∆ = 1s, the process noise uk ∼ N (02, 25I2).

To avoid distracting our attention on distributed GM fusion
protocol, we primarily focus on the linear observation model
for simplicity and clarity, which is given by

zk =

[
1 0 0 0
0 0 1 0

]
xk +

[
vk,1
vk,2

]
(26)

with vk,1, vk,2 ∼ N (0, 100).
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Fig. 1. Target trajectories and sensor network

Each target can be detected by any sensor with probability
pD(xk) = 0.95. Clutter is uniformly distributed over the
region with an average rate of r points per scan, which
corresponds to the clutter density r/20002. In our simulation,
we apply r = 10, i.e. we have the clutter density 2.5×10−6.

Our proposed consensus fusion is carried out based on
either the Rank rule P.1.1 or the threshold rule P.1.2. In
the former, the number of components for sharing is given
by rounding (4) while in the latter, ws = 0.4 is used or
selecting the T-GCs. To save communication in GCI/KLA
as addressed in Remark 3, only GC with a weight larger
than wc = 0.01 will be transited for fusion. GM reduction
mechanisms including merging and pruning are necessary,
for which, we apply the threshold-based approaches: GCs
with a weight lower than 10−4 will be truncated, any two
GCs closer than the merging threshold 4-sigma will be
merged, and the maximum number of GCs is 100.

The optimal sub-pattern assignment (OSPA) metric [40]
is used to evaluate the estimation accuracy of the filter, with
cut-off parameter c = 1000 and order parameter p = 2.
We refer to the average OSPA obtained by all filters at each
sampling step in the network as Network OSPA. The average
of the Network OSPA over all filtering steps is called Time-
average Network OSPA. To evaluate the communication cost,
we record a GC that consists of a weight parameter (1 tuple),
a 4-dimensional vector mean (4 tuples), and a 4-dimension
matrix covariance (4×4 tuples) as data size 21 tuples and
the scale-valued cardinality parameter as 1 tuple. To capture
the average performance, we perform the simulation 20
MC runs with independently generated observation series.
Different numbers of P2P communication iterations from
t = 0 (without applying any information sharing as sensors
remain independent) to t = 10 (twice the network diameter)
are applied respectively.

When a total of t = 5 iterations of P2P communication are
applied for different consensus schemes, the Network OSPA,
the online estimated number of targets, and the computing
time of different consensus protocols for each filtering step
are given in Fig.2, separately. For different numbers of
communication iterations, the time-averaged network OSPA
and communication cost are given in Fig.3, separately.
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Fig. 2. Network OSPA, estimated number of targets and computing time of different protocols for each filtering step (t = 5)
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Fig. 3. Time-averaged network OSPA and communication cost against P2P
communication iterations

We have the following key observations:
1) All consensus schemes converge with the increase of

the number of P2P communication iterations: more it-
erations require higher communication cost, computing
time, while yields lower filter OSPA.

2) The CGMM does not show much difference between
using Threshold rule and using Rank rule. On average,
the former performs slightly better in reducing OSPA.
Both significantly outperform the GCI and cardinality-
only consensus in doing so. Particularly when t =
1, the OSPA reduction obtained by CGMM is even
more significant than that of the others by performing
multiple iterations of P2P communication. This simply
indicates that, somehow ironically, only sharing and
merging T-GM in immediate neighborhood can benefit
the local filters more significantly than sophisticated
GCI fusion based on multiple communication itera-
tions. This, simpler method performing much better, is
attributed to the improvement on the SNR gained by
the T-GM merging rather than averaging/CI.

3) The GCI shows a worse capability for detecting new
born targets (as shown in the first left sub-figure
of Fig.2) compared to the others including the filter

without using any consensus schemes. In fact, worse
cardinality estimation has also been observed when
more iterations of GCI fusion are applied in Fig.5-
7 of [31]. Delay has been observed in estimating the
correct number of targets when new targets appear in
the scenario in [38]. More specifically, the simulation
given in Section V.A of [32] has explicitly demon-
strated that GCI will degrade the local PHD filter in the
case of close targets whose distance is under a specific
threshold and/or low SNR. All of these confirm our
concerns on the GCI.

4) On communication cost, the CGMM is more efficient
than GCI when t ∈ [1, 3] but less efficient than GCI
when t ≥ 4. As such, a valuable future work is con-
trolling the GM size to reduce the communication cost
without loss of accuracy for which mixture reduction
schemes such as [43]–[47] may be considerable.

5) When t = 5, the computing time required by GCI is
much higher than that of the others.

6) The benefit of pure cardinality consensusis limited
in reducing the OSPA, which converges to a level
that is significantly inferior to that yielded by both
CGMM and GCI based on joint fusion of GM-PHD
and cardinality. But, this is achieved with favorably
the least computation and communication.

V. CONCLUSION

Critical concerns are raised on the GCI based GM-PHD
fusion, some of which have already been noted in the
literature. An alternative partial consensus protocol called
conservative GM mering (CGMM) is proposed, which shares
only sufficiently strong-weighted Gaussian components over
the network and merge them based on their spatial proximity.
As a result, both network communication and fusion com-
putation requirements are significantly reduced while local
SNR is expected to be improved, which facilitates less likely
false alarms and more accurate estimation. Simulation has
been provided to demonstrate the superiority and reliability
of our approach with comparison to the GCI.

While the idea of CGMM is quite simple, we note that it
is promising to design distributed fusion algorithms such that
local SNR can be improved for better, reliable estimation at
low communication and computation cost.
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