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Abstract—A preliminary framework for inferring continuous-
time target trajectory (namely “track”) is given for a class of target
tracking problems in which the target is subject to a rather smooth
evolving process in time series, such as tracking passenger
aircrafts or ships that have scheduled routes. As the core idea, the
distant estimates given over time by a recursive estimator are
‘fitted’ by using a function of continuous-time, which can be then
used to infer the state for any time instants in the effective fitting
period, either the past (like conventional smoothing, but curried
out online) or the future (including long-term prediction). This
regression analysis methodology, referred to as fitting for
smoothing (F4S), also facilitates combating misdetection and outliers
from which most existing tracking systems suffer. Simulations are
provided to illustrate how it works and benefits in either cluttered
or non-cluttered environments, with either a single target or
multiple targets.

Keywords—Track estimation; target tracking; regression; time
series fitting; long-term prediction

I. INTRODUCTION

Dynamic state estimation is concerned with the sequential
process of estimating the state(s) (of one or multiple targets of
interest) evolving over time that is/are periodically observed by
sensor(s), where false alarms and misdetection may occur. It sits
at the core of considerable scientific and engineering problems
regarding, e.g., positioning, tracking and forecast. Due to the
periodical working nature of physical sensors, the observation
function hy (+) that explains the generation of the observation is
commonly formulated in discrete time series as

Vi = hye(xg, vg) (D

where k € N indicates the distant time-instant, x,, € RP: denotes
the D,-dimensional state, y, € RPz denotes the D,-dimensional
observation (also called measurement), and v, € RP2 denotes
the observation noise. It is necessary to note that, as a rare case,
continuously observed processes have also been investigated,
for which the reader is referred to [1].

There are two major classes of estimation solutions that
differ from each other regarding whether the hidden state
process will be modelled and thereby used. The first solution,
related to ‘frequentist’ or more widely “data-driven”, is to infer
the state directly from the sensor data based on maximum-
likelihood rules or direct observation-state converting [2],
without regard to knowledge a priori or the state process model.
This data-driven solution is preferable when the sensor data are
of high quality while little is known about the state process
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model [2, 3]. The other solution, commonly referred to as
‘Bayesian’ or more generally “model-driven”, is to establish a
Markov state transition model to link the states over time (so that
to use knowledge a priori). The best known is the sequential
Bayesian inference (SBI), for which a filter that consists of
‘prediction’ and ‘correction’ two steps are applied iteratively or
amodel-based optimization object function is developed [4]. For
this, the state process (also called dyrnamics) needs to be modeled
as a hidden Markov transition process in either the discrete-time
or continuous-time format, as given by difference equation (2a)
and differential equation (2b) respectively.

X = Gre(Xpe—1, i) (2a)
%xt = ge(xe, ue) (2b)

where t € RT indicates continuous time, u; € RP: and u, € RP:
denote noises affecting the discrete/continuous time state
processes g;, and g, respectively.

It is worth noting that: the state updating frequency must be
set properly to match the sensor scanning frequency so that (2)
and (1) will work recursively and tightly in time as well as to
meet constraints [5]. In particular, the noise u; or u, has to be
“simulated” according to the iteration period of the sensor [6].
Given that the model information about (1) and (2) is not given
a priori, a general estimation framework shall estimate the
model, my, jointly with the state from sensor data, i.e.,

p(xl:kJ Myk |y1:k) = p(xl:k |y1:kl ml:k)p(ml:klyl:k)' (3)

Given the complete model-candidate set M (its parameter
space is a finite set a priori), the full probability formula and the
Bayes’ rule show that,

p(xl:klyl:k) = Z p(xl:k|y1:krm1:k)p(m1:k|y1:k)

Vi: meM

= @th: mEM p(xl:k |y1:k' ml:k)p(yl:k |m1:k)p(m1:k) (4)

where p(ylzk) = Zvi: mEM P(J’Lk |m1:k)p(m1:k)~

In a typical set-up for target tracking, the observation model
(1) depends on the sensor which is usually known a priori, while
the state process model (2) is unknown and varies over time if
the target maneuvers. Therefore, the terminology “model” will
henceforth primarily refer to the state process model.
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The SBI modeling involves a wide range of latent statistical
models, uncertainties and constraints regarding target quantity,
observability and dynamics, sensor profiles (e.g., misdetection,
clutter) and background (e.g. noises can be distorted, correlated,
colored and/or multiplicative) etc. Most of the time, they are
unknown in realistic applications and can only be approximated
on the basis of online or offline data. Even if the model can be
well approximated, the full Bayesian computation could be
prohibitively expensive and further approximation must be
resorted to. Therefore, SBI can easily suffer from inaccurate
modeling, over-approximation [2-3] and intractable likelihood
[8]. However, they are not a problem for the observation-only
(02) inference [2-3] which requires little model knowledge
about the targets (whether birth, death or maneuvering) or
clutter. Given a sufficient number of sensors employed, data
mining tools such as clustering can be applied on the O2
estimates to deal with misdetections and to avoid false alarms,
namely clustering for filtering (C4F) [3,7]. It enjoys an accuracy
that increases with the quantity and quality of sensors and
therefore becomes more favorable with the escalating update of
sensors nowadays in both scanning frequency and observation
accuracy. This is an appealing and important property which,
however, does not always hold for filters; see [9, 10].

However, in most estimation approaches, whether the
model-specific SBI or the data-driven O2/C4F inference, the
state-estimates are given in time series as a finite set, although
there are some studies that aim to estimate this set online [11,12]
at the expense of significantly growing computational cost. In
multi-target scenarios, a critical issue referred to as estimate-to-
track (E2T) association is required to distinguish different
estimates and to associate the estimates that belong to the same
target across successive time-steps. In this line of thinking, a
principled way is adding labels to the state vector [13-16] to
distinguish targets, where tracks are formed simply by linking
the estimates with the same label; this essentially belongs to the
theme of data association. While this seems like a reasonable
idea, a number of practical and theoretical issues arise, e.g., it is
argued that labels have no physical significance [17] and in some
scenarios, the track labels are irrelevant, although explicitly
ignoring track labels results in a better state estimation [11].
Overall, it is simply more nature and desirable to have the target
“track”/state-trajectory in terms of a function of continuous-time,
which is simply closer to the ground truth. This forms the
starting point of this paper.

In this paper, we will show that with the use of regression
analysis for linking distant estimates given by the SBI or the
02/CA4F inference, continuous target tracks can be obtained as
state-functions of time (each representing a target’s movement
over continuous time). This methodology, namely fitting for
smoothing (F4S), is carried out in time series, facilitating the use
of the nontrivial unstructured model information: the parameters
of the state process model are unknown but the track is known
to be a smooth one. It is assumed that the targets evolve smoothly
at most of the time in the state-time space (although from time
to time, maneuver, misdetection and outlier may occur), which
is actually the reality of a wide class of real world targets of
significance such as aircrafts and maritime ships. For example,
the routes of passenger aircrafts are always smoothly planned to
render the most safety and flexible operation.

The idea of employing data regression or fitting for target
trajectory learning/estimation have been earlier appeared, most
of which however are in batch manners and for a single target,
where the regression parameters are determined based on e.g.
maximum likelihood estimation [39] or Bayesian statistical
inference [40-42]. In [39], directional bearing data from one or
multiple sensors are investigated, where Cardinal splines (i.e.,
splines with equally spaced knots) of different dimensions are fit
to the data. In [40], the trajectory is approximated by a cubic
spline with an unknown number of knots in 2D Euclidean plane
and the function estimate is determined from positional
measurements which are assumed to be received in batches. For
the data drawn from an exponential family, the spline knot con-
figurations (number and locations) are changed by reversible-
jump Markov chain Monte Carlo [41]. Further cubic splines was
used to represent the trajectories of dynamic objects [42] based
on the optimization of sliding window data. Comparably, our
approach makes lesser assumption but works for multi-target
case in cluttered environments and in real time manner.

The reminder of the paper is organized as follows. Section 2
gives the technical detail of the proposed C4F methodology for
track estimation including target maneuver detection. Section 3
provides three simulation demonstrations and further discusses
on the results. Finally, Section 4 outlines the conclusions drawn
from the research.

II. FITTING-BASED TRACK INFERENCE

In this section, we concentrate on how continuous-time
target track functions can be established based on regression
analysis of the discrete-time point estimates given by a recursive
estimator and how they can be beneficial.

For a time series of state-estimates {i, X;}i—k, k,+1,..k, lVeN
by a sequential discrete-time estimator x; « p(x;|yy,,) from
time k; to time k,, assume there is a function F), , called
regression function, depending on certain parameters to
define ¢y, ¢y, ... ¢y, satisfying

x; = Fi(i;¢1,C3 e Cp) (&)

which fits these distant estimates over time. Therefore, this
function of time F,, offers an efficient approximate of the real
track function f, for the time interval k; <t<k,
where kqand k, are the starting and ending times of the track,
respectively. Given that the function captures the target
movement in a wider interval [K;,K,], where K; < kq,K, = k,,
then, the state at time t € [K;, K] (that does not need to be an
integer) can be estimated,

X =F(tc,cpencm), VK St K. (6)

This regression function will be updated in time series every
time a new observation is received i.e., k, < k, + 1, enabling
sequential filtering (i.e., t = k). It can also be used for inferring
the estimate for any time instants in the past (for smoothing; t <
k,) or even in the future (for prediction; ¢t > k,). This F4S
approach can also be interpreted from a probabilistic
perspective. A Bayesian treatment allows the predictive
distribution to be written in the marginalized form
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P(XelYi,ke,) & Fie @ - D(Fi Xk k,) * P (%, ey | Vieyor,) (1)

where p(xy,.x, |k, x,) is given by a recursive estimator by SBI
or O2/CAF inference, p(Fy |xy,.x,) describes the fitting process
(to get the regression function), and Fy (t) utilizes the obtained
regression function to infer new state at time ¢.

The idea of the F4S approach is using the distant estimates
to infer the track function in order to estimate the state for any
time instants in the valid fitting period (even for the time instants
when no direct observation is reported).

It is worth noting that regression/fitting is internally sensitive
to dimensionality. Hyper-surface/multi-dimensional fitting is
still an intractable problem in math. To avoid this, the regression
analysis could be performed in low dimensions, e.g., with
respect to each dimension independently, by assuming
conditional independence among dimensions.

There are many regression analysis techniques, ranging from
parametric (in which the regression function is defined by a
finite number of parameters) to nonparametric (where the
regression function lies in a specified function bank). While
maintaining a general approach, in this paper we will focus on
the parametric regression analysis, especially the popular least
squares (LS) regression. What follows are given in a higher level
manner that is easy for understanding.

A. Least squares regression

In general, the fitting data (which are the point-estimates
given by an estimator) may not all strictly work on the function
as specified by (5), instead a fitting error {e;} may exist, i.e.,

X = Fk(i; Cq1,Cyp, ...,Cm) + ei,Vi = kl, k1 +1 ...,kz (8)

This is particularly true in the context of target tracking, as
observation noises are inevitable. The fitted function given
above is therefore generally better than that given by (5) which
is in fact over-fitted when noises exist. For more fundamentals
about regression analysis, many works are available, e.g.,
[18,19]. What follows will address briefly the LS regression.

We first consider the single-model fitting, while the more
general and also difficult multiple-model function fitting will be
described later. For our case, one common and convenient
solution is to select a function of time ¢ that depends linearly on
the parameters, in the form of

F(t;cq,Cp) s Cp) = 11 () + C202(1) + - + Cpm(B)  (9)

where {®;(x)} are a set of functions specified a priori, such as
monomials {x!~'} or trigonometric functions {sinwix}. We call
m the order of the fitting function. In our situations, m is much
smaller than the number of fitting data.

In the LS curve fitting, there is an optimal order of the fitting
function that controls the number of free parameters in the model
and thereby governs the model complexity. To specify the order
of the function, m, the best case is when the state evolution
function is somewhat known in advance (e.g., the most common
approximate models for target movement: nearly constant
velocity (NCV), nearly constant turn (NCT), or nearly constant

accelerate (NCA), etc.). Otherwise, reasonable assumptions and
offline model learning are required. More generally, to
determine the parameters c¢;,c¢,,..,c,, to get a good
approximation of the true model f;, a general idea is to make the
residuals e;, Vi = ky, ky + 1..., k, simultaneously as small as
possible. The error is usually defined on some norm of the

vector e = [ey ey +1,..,€,]" . For example, in the I-
dimensional case, the un-weighted 2-norm
1
i 1

lell, = (Z¥2,le:l2)? (10)

This leads to a linear system of equations to determine the
minimum parameters é,,’s. The resulting Fy(¢t; é;,é,, ..., ép) 18
known as the ordinary LS approximation to the given data. This
however assumes that each data point provides equally precise
information. To overcome this assumption, one can assign
weights w; to each data to account for uncertainty, leading to

1
llell, = (T2, Wile;|?)? (11)

-1
where w; = w; (Z;‘Zkl w,-) is the normalized weight of w;.

The trajectory fitting given by (8) can be interpreted more
generally as an optimization problem

ang(n;inzfszwt — he(F(0), vl (12)
t

where V; is used to compensate the observation noise [7] and
can be specified as the mean E (v,).

The formula (12), instead of fitting estimates in the state
space, performs fitting on sensor data and is more robust but also
difficult. One key idea in this paper is that the state-time
function F, is defined in the continuous time space and can be
expressed by some smooth functions.

B. Segmented fitting (maneuver detection)

Often, a single state trajectory may have different models
over time (especially for maneuvering target); if so, it will be no
more preferable to use a fixed form of function to fit the
trajectory of different models. For this, segmented fitting (also
referred to local regression) is recommended for the goal of
using different fitting functions for different target movement
models, or even for different stages of the same model. In fact,
even for a trajectory function of constant form, segmented fitting
can benefit in fitting accuracy.

To carry out segmented fitting, the fitting data are partitioned
into consecutive intervals, each of which corresponds to one
track function/model of relatively lower complexities. The best
case is that the model change is correctly detected in one way (to
be explained below), and then a separate segment is fitted to
each interval and the boundaries between the segments. The
fitting function is thus a sequence of grafted sub-functions

Fi(t;C)
F,(t; Cy)

ky <t<k,

ky <t <k

F(t;C) = (13)

FEtC) k<t <k,
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where kq,ky, ..., k.o are called change points, which are
boundaries between intervals, and C, is the parameter set of the
rth model.

In online estimation, the newest incoming data will only
affect the last segment F,(¢; C,.). The previous r — 1 segments do
not need to change. Therefore, the data size of the last segment
on [k, k,,,], will increase over time until a new change point is
detected and then a new segment is initialized. A key challenge
raised here is to detect the model change from the state-estimates
flow in time series, where the change point is the desired
boundary between segments. This problem is formally known as
“change (-point) detection”, and also as “maneuver detection”
within the context of target tracking [20, 21].

There is a large body of change detection algorithms, ranging
from the simple linear to the complex learning (e.g., Markov
chain Monte Carlo methods) [22-25]. Here, we advocate
formulating it as a hypothesis testing problem with the null (Ho)
and alternative (H;) hypotheses defined as follows:

e Hy: new data does not belong to a new model.
e Hj: new data belongs to a new model.

That is, if the underlying model can clearly explain the newly
incoming data, i.e., Ho holds, no change point is found and the
new data-point (received at the current time instant) will be
simply added to the underlying segment, otherwise H; is true.
However, if the new data cannot be explained by the underlying
model, it does not certainly mean that the data belongs to a new
model, as it can also be an outlier (that is supposed to be singular
and does not match the underlying model [26]). To account for
this, the testing shall be carried out in a sliding time window on
a (small) number, e.g., three, of successive data-points (only the
last one is new while the other two are the preceding data). If
they all fit the underlying regression function, the test will
proceed ahead to the next new data point. When and only when
H; turns out to be true to all of them, a new model is identified
and will be used to re-fit these and other potentially following-
up data-points. Otherwise, the “outlier” can be just abandoned
(which will neither be added to the underlying segment nor be
used to start a new segment). By this, the F4S approach affords
an appealing potential to identify and filter outliers contained in
the raw data or the false alarms that do not fit the track. Better
mechanisms to do so remains open. We will now provide some
primary insights in this line.

By the Neyman—Pearson lemma [27], when performing a
hypothesis test between two hypotheses, Ho and H,, the
likelihood-ratio test rejects Hy in favor of H; when

L(Ho|Fy)
L(H1lF) —

A(E) = (14)

where P(A(F.) < n|Hy) = « is the most powerful test at the
significance level a for a threshold 7.

In practice, the likelihood ratio is often used directly to
construct tests. However, it can also be used to suggest particular
test-criteria that might be of interest; such is the case here where
we define the fitting error ratio as follows. Assume that the new
incoming data at time k+ 1 fits the underlying segment
{x],...,x7} and is denoted as x},,;, where r denotes the segment.

Applying LS fitting on {x7, ..., x},} results in the track function
E.(¢t; C,) with fitting error series {e], ..., e}, and applying LS
fitting on {x7, ..., x},, x5, ,,} results in a new fitted track function
Fnew(t; Crnew) With the new fitting error series turning to
be {€] news -+ €1 news Ent1new)- Here we propose two hypothesis
testing criteria. The first criterion is given as

1 ¢n+1,r ign r
YiZ1 €inew y 2i=1€i
n+1 a n (15)

ign 1
a2i=1€]

€E =

while the other criterion can be given as

— |FT(k'1"1'sT)_:Cn+1| (16)

nli=1€]
where E.(k + 1; C,) gives the fitted value of x},,, based on the
preceding model function E.(¢; C,). Equation (15) measures the
change of the average fitting error caused by adding the new data
point while (16) measures the fitting error of the new data point
by using the underlying function. In both, given a predetermined
ratio threshold €,, Ho holds when and only when € > ¢,
otherwise H, holds. For instance, we set e, = 10%.

Often, one may only need to consider a few candidate
models such as NCV, NCT, NCA, etc. most of which can be the
same fitted by polynomials (but maybe of different orders).
Utilizing this priori information can highly benefit the model-
change detection, as argued. In general, either under-fitting or
over-fitting can cause severe fitting errors. As a rule of thumb,
we may start from a fitting function of a relatively higher (but
not too high) order and then check whether the parameters for
items of higher order are “significant” enough, i.e., whether it is
necessary to keep them — i.e., we employ the principle of
Occams' razor [28]. That is, given the fitting function (9), the last
item c,,, ¢, (t) will be confirmed to be necessary when and only
when the following condition is satisfied:

_ cm®m(t) |
11 (D++Cm—1m—1(D)]

> €, (17)

The test will iterate similarly for lower-order item m « m —
1 until m =1 or one item is identified as necessary. This is
carried out in the reverse way to [29], which gradually increases
the degree of the polynomial till the moderate degree required.

As well as finding the appropriate values for parameters
within a given model, e.g., m = 2-order polynomial for NCV,
m = 3 for NCT, we may wish to consider a range of different
types of models in order to find the best one for a particular
problem. If the data are plentiful, then one approach is simply to
use the available data to train a range of models, and then to
compare them on independent new data, sometimes called a
validation set, and select the one having the best predictive
performance. This critical issue related to offline learning is
beyond the scope of this paper.

C. Long-—term prediction and compensating misdetection

The target track function of continuous-time, once obtained
as addressed so far, will straightforwardly enable two other key
tasks, which are required in modern tracking but are intractable
in existing recursive-filtering based tracking systems:



2016 International Conference on Indoor Positioning and Indoor Navigation (IPIN), 4-7 October 2016, Alcala de Henares, Spain

Long-term prediction. Given that the fitted function
matches the state trend, the target state for arbitrary time in the
effective fitting period can be inferred by the function, including
the long-term future. This is of particular significance in reality,
and is also an advantage of the F4S framework over existing
tracking systems that are only able to predict in one time-step.
In fact, not only position but also velocity (or even acceleration)
can be inferred based on their physical relationship.

Compensating misdetection. When misdetection occurs in
the fitting interval, one may still be able to obtain the track
function via the regression analysis based on detections, and
then the missed data can be recovered. From a practical
perspective, this is not limited to misdetection at a single scan;
successive misdetections can also be recovered in the same way.
As with the aforementioned outlier detection and removal, this
is an important property of the proposed F4S approach and will
be partly demonstrated in our simulations.

Due to the space limitation, we omit further discussions on
the above issues but we note that, in many situations, we are
overwhelmed by rich sensor data for which real time and high
quality processing is challenging, considering the constantly
escalation and joint-use of modern sensors that have higher and
higher precision and scanning frequency. For this, mature
technologies and algorithms related to data mining and machine
learning should be considered and can be very beneficial. In
addition to aforementioned [39-42], fitting has been applied for
likelihood calculation to speed up particle filtering [30]. In fact,
they have received high attention in the topics of “visual tracking
[31-33] and state space modeling [34].

L3

III. PERFORMANCE EVALUATION

This section demonstrates the use of regression analysis,
namely F4S, within the SBI (a recursive filter) or the O2/C4F
inference by means of three groups of simulations. The first is a
simple 1-dimensional model, the second tracks a maneuvering
target in the 2-dimensional space, and the third tracks multiple
targets in cluttered environments. The following questions are
considered: how does the estimation accuracy of the F4S
compare to the optimal Bayesian estimator at distant time
instants, and how much can F4S benefit O2/C4F inference or
SBI if they work jointly.

A. Linear Gaussian Scalar Estimation

In the first example, we considered a linear and Gaussian
system to estimate a scalar state that suffers from a very small
process noise. The system was governed by the following state
process model and observation model, respectively

X = Xp—1 + 10 + uy, xo~N(0,1) (18)

Yie = Xy T Vg (19)
where the state process was as small as u;, ~ N (0,107%) and the
Gaussian observation noise was v, ~ N (0,1072).

Furthermore, our simulation generated morbid observations
at time instants k = 20,30,160,161,165 by increasing the
observation noise to v, ~ N (0,1071) and assumed misdetection
at time instants k = 41,42,166 when no observations were
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Fig.1. The F4S (fitted O2) significantly improves the time-independent point
estimates given by the O2 inference through history data learning, and
overcomes the sensitivity of KF to misdetection and outliers. This figure is
for the simulation interval k € [1, 50]
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Fig.2. As time goes on (more and more sensor data are available for
fitting), the benefit of applying F4S to the O2 inference becomes more
significant, resulting an estimate accuracy close to that of the optimal KF.
This figure is for the simulation interval k € [150,200]

reported. However, both the Kalman filter (KF) and the O2
inference are unaware of these.

The KF is expected to give the minimum mean square error
(MMSE) estimate for the linear and Gaussian system, given that
the model and noises are accurately assumed (including
initialization) to correctly. The filter was initialized with N (0,1);
while this ideal assumption is strong in practice, it does not
necessarily indicate the ‘best’ initialization. In a conditional
sense (e.g. the mean square error matrix is conditioned on a
specific state sequence which is the case in our simulation),
Kalman filter is not efficient [35].

By inversing (19) after dropping v, the O2 inference gives

R =Y (20)
We propose to apply online LS fitting on the estimates given
by the O2 inference. It turns out that the trajectory of the target
was approximately a straight line. Therefore, the fitting function
shall be assumed as
X =, + ok 21
corresponding to a continuous trajectory function of time x, =
¢, + ¢t which, as stated, can provide an estimate for any time
(i.e., t does not need to be an integer) including prediction.
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In the proposed F4S approach, all history data were used for
updating the fitting function and thereby estimating the state in
time series. However, as opposed to traditional smoothing, the
regression function was not used to revise historical estimates,
i.e., no backward inference was involved. However, the updated
fitting track function could also have been used to improve
historical estimates, like a conventional Bayes smoother

Once misdetection occurred, the KF took the one-step
prediction from the prior without updating (the estimate given
by the naive O2 inference outputs nothing), while the F4S used
the preceding fitted function directly to estimate the state of
missing observation. To capture the average result, 100 MC runs
were performed (with independent observations), each run
consisting of 200 time-steps.

The true state and the estimates and root-mean-square errors
(RMSESs) given by the KF, the O2 inference and the fitted O2
inference, respectively, are given in Fig. 1 for the simulation
interval k € [1,50], and in Fig. 2 for the interval k € [150, 200].
In both figures, distant estimates are given in dots corresponding
to integer time instants (‘. for the KF and ‘x’ for the O2
inference) while the fitted O2 inference gives a continuous track
whose RMSE values are given by lines in the figure. The results
confirm that the fitting has significantly improved the estimation
of the O2 inference and specifically, the more data the better.
Given sufficient data, the fitted O2 inference performs closely to
the optimal KF that is based on precise system modeling.

Given that the system noises are not Gaussian or the model
is nonlinear, the KF will hardly get such good performance, but
may lose to the O2 inference. In contrast, the proposed F4S
approach significantly reduces the sensitivity of the 02
inference to outliers, whether morbid observation or missed
observation. As shown next, we iterate that the state trajectory
in the context of target tracking is generally of low complexity
and is suitable for regression analysis.

B. Maneuvering target tracking

In this simulation, we considered applying segmented fitting
to distant estimates given by the O2 inference for tracking a
maneuvering target. We would omit the detail of the simulation
set-up that can be found in [2]; the sensing scenario, the target
trajectory and the distant O2 position estimates in time series are
given in Fig.3. The O2 inference was set up exactly the same as
given in [2]. There were two significant differences as compared
to the last simulation:

e The fitting was conducted in the multi-dimensional space
(with conditional independence assumption among
dimensions).

e We realized fitting in the planar 2D position space to
facilitate the use of curve or straight line fitting.

Once a model change point was detected, no preceding data
but only the data generated after detection (until another model
change was found) were considered for fitting. For this, we used
€0 = 10% in (17) to detect the target model change.

In the general case of polynomial-curve fitting, higher order
assumption works well for the model of lower order (though
having the risk of over-fitting) but not vice versa. Therefore,
given that we assumed a relatively large fitting function order

ZZ % 5 -4

@ Active sensor

A Passive sensor
True trajectory

x 02 Inference
Fitted O2 Inference

-3 -2 -1 0 1
X(m) x 10"

Fig.3. The tracking scenario: the real continuous-time trajectory of the
maneuvering target, the naive O2 inference (given in distant points) and its
online fitted outcome (continuous-time fitting curve)
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Fig.4. The online fitting (F4S) notably improves the RMSE in position

estimates given

by the naive O2 inference for a maneuvering target.

Comparably, the benefit increases with time during each segment.
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Fig.5. The online fitting (F4S) notably improves the RMSE in velocity
estimates of the naive O2 inference; the benefit increases with time during

each segment.
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(in our case, m = 3 for (9)), the F4S approach is not able to
handle both straight line fitting and curve fitting. Note that, in
contrast to filtering, in fitting the model information does not
need to be precise and is in fact unstructured: only knowing that
the target moves smoothly rather than any exact form which
prevents direct SBI unless the model is also estimated, as shown
in (4). The resulting F4S approach gets rid of sophisticated
system modelling and sensitive parameter setting and is,
therefore, at least reliable and computing fast.

As shown in Fig. 4 and 5, the online fitting improved the
output of the naive O2 inference (either position or velocity)
where, the velocity was given by a direct difference operation on
the position estimation. Specifically, the improvement increases
with time (the RMSEs decrease) until the model changes. That
is simply because the more data there are, the better the fitting.
This example demonstrates again that the fitting is an effective
tool to connect data over time series, like smoothing.

C. Multi-target tracking in cluttered environments

In this case, we evaluated the performance of the F4S
approach applied on the estimates given by a multi-target filter
based on the SBI. The tracking was designed in a 2-dimensional
scenario over the region [-100,100]x[-100,100] m? unit is
omitted hereafter. Four moving targets were simulated where
the state comprised planar position and velocity x; =
[Pxser P Py o Pyi] - These targets appeared according to a
Poisson point process with intensity function y; =
0.1N7(.; B;, Q), where B;=[-72, 3, 0, 0], B,=[0, 0, 75, -3]", B;=
[-62, 2.6, 36, -1.5], B,= [-36, 1.5, 62, -2.6]", O=diag([5, 1, 5,
11", and diag(a) gives a diagonal matrix with diagonal a. The
target state transition is given as

1 A 0 0 A%/2 0
_lo 1 0 o0 A0 |[Wik
xk‘[o 0 1 A]xk-1+ 0 A%)2 WZ,k] (22)
00 0 1 0 A

where the sampling time A=1, and the processing Gaussian noise
Wy, ~N(0,0.5), w, ,~N'(0,0.1). Furthermore, the position-only
observation equation was given by

0 1 ol @)

with the Gaussian noise vy , ~N(0,2.5), v, ,~N'(0,2.5).

Yk=[(1)

Each target had a target survival probability pg(x)=0.98 and
a detection probability pp(x) =0.99. Clutter was uniformly
distributed over the region with an average rate of 5 points per
scan, i.e., k;, = 5/200%. 800 particles per expected target were
used and the total number of particles was hard-limited to be not
less than 500, for the implementation of the particle dyeing-
based sequential Monte Carlo-probability hypothesis density
(SMC-PHD) filter [36]. The dyeing approach is a sequential
Bayesian solution that dyes/marks particles with respect to their
contribution to different estimates; estimates can therefore be
associated between two successive scans for track continuity.
However, isolated tracks and broken tracks caused by false
alarms and misdetection respectively were reserved in the filter
output; we apply no ad-hoc solutions to fix them.

The target position estimates that comprise a single track
(formed by the dyeing approach) can be further fitted by the
proposed F4S approach, resulting in a continuous-time track. As
shown in Fig. 6, the real trajectories of the four targets are
plotted in black lines, the tracks formed by the dyeing approach
are plotted in different colors (all marked by ‘x’) and each of
them is further fitted (given by continuous lines in different
colors) by the F4S approach. That is, F4S was realized here
based on the dyeing approach, both implemented within the
same SMC-PHD filter. The fitting has appealingly improved the
track quality to make them smoother, continuous and mostly
closer to the ground truth (though sometimes, the opposite
occurs). Regardless of the track ID, the accuracy improvement
gained by fitting on the position-only estimation was about
6~10% on average in the sense of RMSE.

Furthermore, to identify and remove false tracks (including
isolated points) or to connect broken tracks that likely belong to
the same target, specific “track refinement” solutions such as
[37-38] can be applied for further smoothing if structured model
information is feasible. This is a valuable extension of the F4S
approach for dealing with false alarms and misdetections, which
remain greatly challenges in the tracking community. Compared
to the “model-specific” Bayesian smoothing, the “data—driven”
F4S methodology is based on learning the model information
from the data rather than taking them as granted/assumptions
and therefore has more flexibilities to operate. Given accurate
model information available and fully used, they both should
converge to the same result. More theoretical and experiment
studies are highly desired in this regard.

IV. CONCLUSION

This paper has presented a framework for estimating the
continuous-time target track/trajectory function via regression
analysis, resulting in a methodology for continuous-time state
estimation called fitting for smoothing (F4S). It can be
interpreted as optimization with the purpose of finding a
trajectory function that best fits the sensor data, without making
Markov assumption but assume the trajectory as a function of
time. It is carried out with a recursive estimator, e.g. a model-
specific sequential Bayesian estimator or the data-driven
observation-only inference, given that the target has a relatively
smooth (at least locally for short-time) evolving trajectory that
matches the fitting function. The resulting continuous-time track
function can be used to refine the estimates given by the
recursive estimator for either the past (apparently equal to classic
smoothing), the current (for filtering) or the future (for
prediction). More appealingly, the F4S approach facilitates
identifying and removing outliers (whether —morbid
observations, false alarms or misdetections), and compensating
misdetection (whether a single scan or multiple successive
scans) from both of which existing estimators suffer. Long-term
prediction is also feasible for smoothly moving targets, which is
of high significance in realistic problems such as tracking
passenger aircraft or ships. All of these are based on online
learning of the sensor data and require little sophisticated target
modelling and complicated computation. Simple simulations are
provided for illustration. While data fitting based continuous-
time track estimation may sound attractive and promising, more
insights are to be explored.
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